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Abstract 

We study four-point correlation functions with logarithmic behaviour in Li- 
ouville field theory on a sphere, which consist of one kind of the local operators. 
We study them as non-integrated correlation functions of the gravitational sec- 
tor of two-dimensional quantum gravity coupled to an ordinary conformal field 
theory in the conformal gauge. We also examine, in the (p, q) minimal con- 
formal field theories, a condition of the appearance of logarithmic correlation 
functions of gravitationally dressed operators. 
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One of physical examples in logarithmic conformal field theories |T]-@ is the gravi- 
tationally dressed conformal field theory. Two-dimensional quantum gravity coupled to 
a free massless Majorana fermion field theory in the light-cone gauge had been studied 
in Ref . |4]] , where the non- integrated four-point correlation function of the gravitation- 
ally dressed operators, which has logarithmic behaviour, was obtained. The origin of 
the logarithms of such models is Liouville field theory which describes the gravitational 
sector of the system. However, correlation functions with logarithmic behaviour in the 
Liouville field theory are not sufficiently understood so far. 

The purpose of this letter is to study four-point correlation functions with loga- 
rithmic behaviour in Liouville field theory on a sphere. We consider a certain class 
of four-point correlation functions of local Liouville operators, which can be regarded 
as non-integrated correlation functions of the gravitational sector of two-dimensional 
quantum gravity coupled to an ordinary conformal field theory in the conformal gauge. 
We obtain the correlation functions with logarithmic behaviour and find the appear- 
ance of logarithms is the same mechanism as that in the Coulomb-gas construction of 
the correlation function in the c = —2 conformal field theory ||. We also examine 
a condition of the appearance of logarithmic correlation functions consist of one kind 
of gravitationally dressed operators in the (p, q) minimal conformal field theories, and 
obtain the correlation function. The appearance of the correlation function with log- 
arithmic behaviour in the gravitational dressing of the Majorana fermion field theory 
M can be also understood in our formulation. 

We first consider two-dimensional quantum gravity coupled to a conformal field 
theory on a sphere. The conformal field theory can be regarded as the matter part in 
the system. After conformal gauge fixing, the gravitational sector is described by the 
Liouville field theory with the action || 

<t>] = ^J d ^ (S^aW - Q&t> + 4 /^) . (!) 

where R is the scalar curvature with a fixed reference metric g a p and /i is the renor- 
malized cosmological constant. If the two parameters Q and a satisfy the condition 

Q = -a - - , (2) 

a 

the Liouville field theory flU) describes a conformal field theory with the central charge 


c L = l + 3Q 2 . (3) 
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The primary field in the theory takes the form e^ and which has the conformal weight 

EM 

hfi = -\p-\pQ. (4) 

The two Eqs. (0) and @) imply that the conformal weight h a of the operator e a ^ in 
the action (JT|) is one. 

When we consider the case that the matter part is realized by the (p, q) minimal 
conformal field theory which has the central charge || 

c = i _ 6 &Z«£ , (5) 
pq 

the parameters Q and a are respectively given by || 

Q = —a+ - a- , (6) 

where 

a + = a = - /5 a _ = A = _ /5 ( 7 ) 
+ V P ' ~ a + V ? ' 

For each primary field $ r ,t(£) with the conformal weight 

1 



A 



r.t 



[rat- — ta + ) 2 — (at- — a+) 2 



ta+ > ra_ 



there exists a gravitationally dressed operator of the form || 

Or,t(0 = e^ (?) $ nt (e) • (9) 

The parameter is fixed by the requirement that the operator O r t(£) is a primary 
field with the conformal weight one [H: 

/? = fa = ~(1 - r)a- + i(l + . (10) 

As discussed in Ref. 0, in general, only when the parameter (3 satisfies the condition 
Re/3 > —\Qi the operator eP^> can be interpreted as a local operator. All the 
operators (||) have real with (3 r j > —\Q. Therefore they are local operators. The 
cosmological term operator in the action ([I]) is a particular case of the operator 

© With $!,!(£). 

We now consider non-integrated four-point correlation functions of the gravita- 
tionally dressed operators on a sphere with fixed area A. In order to study general 
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properties of the correlation functions, we use local operators e^^ with real $ which 
is not fixed by Eq. fllOD. On the complex plane, the correlation functions are separated 
into the Liouville part and the matter part as 

(j[O t (z tl z^ ={[(e^^)jM^z t )). (11) 

The Liouville expectation value is given by || 

/ JJ e Mz ^A = J V(j)e- Shm J] e Mz ^ 5 (J d*uJjje c " Ku > j£ ) - a) . (12) 
\«=i / a *=i 

After integrating the zero mode (j) (0 = (j) + 0), we obtain 

l 



where 



The parameter s is 



(n^M =-La- s - 1 G^ ) , (13) 

\i=l I A l a l 

&l = ^ {zirzi) (J d 2 ue a ^J^ . (14) 



(15) 



and the expectation value (|TJ|) of the non-zero modes <fi is defined by using the free 
action 

S [4>] = — [d 2 zdjd a j>. (16) 

In general, the parameter s takes a generic real value. When s is a non-negative integer, 
we can evaluate the expectation values fll4|) . The correlation function (ITT]) with a 
generic real s can be obtained by an analytic continuation in s from that obtained for 
non- negative integers [10|. However, the analytic continuation is possible only after 
performing the integrals of positions of the operators Oi(zi,Zi) in ([TT|) . Our purpose is 
to study properties of the non-integrated correlation functions, so in the following, we 
restrict ourselves to the cases with s e Z + since the case with s = is trivial. 



The non-zero mode expectation value (14) can be evaluated by using a similar 
technique as is used in the Coulomb-gas construction [U\ of the minimal conformal 
field theories. In this way, can be represented as 



= n 

i<i<i<4 

x |1 - afCfc+fcO-ffc^ftfc I^i-ap!, -afo, -afa ~\°?\ x) , (17) 
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where h = £--i h u x = ^-^~^\ an d 

jW(a,6,c ;/0 ;x) = | n d 2 ^ f[ [|^| 2a |l - n 4 | 26 |^ - x| 2c ] J] K - ^| 4 " . (18) 

j=l i=l l<i<j<s 

The integral representation I^ s >(a,b,c; p; x) can be transformed into a sum of squares 
of line integrals 

&\a,b,c;p;x) = £ |l< s) (a, 6, c; p; z)| 2 , (19) 

fc=0 

where 

A' 



I { k s \a,b,c;p;x) = Y[d Ul U du iU u i U ^ t -u 3 ) 2 ? 

J ° i=l Jl j=k+l j=l l<i<j<s 



x na - ^) b (^ - «o c n («* - tffo - x r ■ ( 2 °) 

i=l j=fc+l 



The explicit forms of the coefficients X^; can be found in Ref. |TT 



To study concrete examples in detail and to compare our results with that of Ref. 
[|J later, from now on, we consider the correlation functions consist of one kind of 
Liouville operators, i.e. f3\ = fa = 03 = 04 = (3 in Eq. (|T4]). Then, from Eq. fll5l) , the 
parameter (3 takes the values 

/»— j(«-l)a+^. (2D 

Before evaluating the correlation functions explicitly, we examine the x — > behaviours 
of ll s \a,b,c; p; x). They can be obtained by changing the integration variables as 
Ui = xiUi for i = 1, • • • , k in Eq. (120). For s = 2, 3, 4, • • •, we obtain 



I ( k s \a,b,c;p;x) ~ x^-^ 2 . (22) 

Therefore, 

G£° ~ ^xW|x|- 2 ^ 2+fe ( s - fc ) a2 for x^O. (23) 

fc=0 

The singularities obtained above are those of approaching the two operators e 13 ^ and k 
of s operators / d 2 u e a< ^ one another in the non-zero mode expectation value (|i~4]) since 
the exponents of |x| can be expressed as 

- 2(5 2 + k{s - k)a 2 = -2h p - 2h p + 2h w+ka . (24) 
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On the other hand, we find that (a, b, c; 0; x), which is li s \a, b, c; p; x) with s — 1, 
has no power singularities for x — > 0, i.e. a ^-independent constant. This is in contrast 
to the case with s — 2, 3,4, • • •, and suggests the existence of logarithmic singularities. 

Let us express the case with s = 1 more explicitly. The concrete form of can 
be obtained by fixing Z\ = 0, z 2 = x, z 3 = 1, z± = oo, and is 



G 



p^f^x) n 

i<*<?<4 



2U' 2rii 



■±hp 



where 



F L (x,x) = \x{l- x)\- w ' 2+ ^ I {1) {-a(3,-af3,-a(3;0;x) 



(25) 



(26) 



and = j-. Here, one encounters an indeterminate form 



J (1) (-a/?, -a/?, -af3; 0; x) = I« (-§, -|, -§; 0; x) 



(i) 



since / (1) = A W = * F (§, |, 1; x) and ) = -Xj 
form had been evaluated in Refs. [12] and ||. The result is 



i 



sin(— 7r) ' 



~ 5 (27) 
This indeterminate 



/(i) 



where 



-I _I -I-0-x 



— 7r In Ixl 2 



F [ 2 , g, 1, x 



2F(|,i,l;x) F(x)-2F(i,|,l;x)if( 



,r 



#(xl 



ra=0 L 



r(n + ±; 



n 2 



711 



if>(n + \) - V>(n + 1) 



x 



(28) 



(29) 



Thus we find that the appearance of the correlation functions with logarithmic be- 
haviour in Liouville field theory is the same mechanism as that in the Coulomb-gas 
construction of the correlation function (fi(zi) ^(22) ^(^3) M 2 ^)) m the c = — 2 confor- 
mal field theory [H . The explicit form of the correlation functions is 



\i=i 

where 



P<f>(Zi,Zi) 



\a\A 2 



x(l-x)T^ \(z 1 ~z 3 )(z 2 ~z 4 )\-^- 1 I^(- 



2' 2' 2' 



2a 

We also find that the correlation functions 
charge 

c L = 13 + 3a 2 + 



0;xj , 
(30) 

(31) 

exist in the theory with the central 
12 



a' 



(32) 



Note that the local operator condition (3 > — \Q for (5 in Eq. (|30D is always satisfied 
since the cosmological term operator in the action (|l|) has a satisfying the codition 
a > —\Q- Actually, the parameter a can takes continuum values in the region — v2 < 
a < 0, and the logarithmic theory obtained above has the central charge cl > 25. 

Now, to apply our result to the correlation function in the gravitational dressing of 
free massless Majorana fermion field theory, we finally consider the type of the corre- 
lation function ^Ili=i Or^ii^i)) ■ The matter part ^Ili=i ®r,t( z i, z i)*) does not vanish 
since, for such correlation functions, the charge neutrality condition in the Coulomb-gas 
construction can be satisfied by inserting screening charges and (Q_) r " 1 [fLlp . 

Corresponding Liouville operators are e^ r,t< ^ z< ' z< -' , in which the value of f3 r $ is fixed by 
Eq. (|ToD . From Eqs. (1C) and (0), we obtain a relation among the integer parameters 
(r, t) and (p, q) as 

2(*+l) V 
V ; = - . 33 
2r - 1 q K J 

By using the conditions 1 < r < q — 1, 1 < t < p — 1 and p > q, where p and q are 

coprime 0, we can obtain a solution of Eq. which is (r,t) = (2, 1) with (p, q) = 

(4,3). Therefore we obtain the identification Q 2 ,i( z ,z) = itp(z)tp(z) since A 2 ,i = \ in 

the theory with = |, where ^ and ^ are free massless Majorana fermion fields. 

Thus, the appearance of the correlation function with logarithmic behaviour in the 

gravitational dressing of the Majorana fermion field theory [|J can be also understood 

in our formulation. 
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